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Sufficiency of the Ricci equations
for characterizing the Riemann tensor
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Abstract. It is shown— in verygeneralcircumstances,for a space-timewithLorentz
metric g — thatafourth ordertensorwithall thealgebraicsymmetriesofaRiemann
tensorand whichsatisfiestheRicci equations(with covthantderivativeconstructed
from g in theusualway)isofnecessitytheRiemanntensorofthemetricg . Rendall‘s
conjecturethat this resultholdsin thegenericcaseis confirmed,andhis counterexam-
piesareshownto bepart ofa smallsetof veryspecialisedspaceswhichdonotobey
thegeneralrule.

1. INTRODUCTION

Fora 4-dimensionalmanifoldonwhich thecovariantderivativeis definedin terms

of a Lorentzmetric 9ob , it hasbeeninvestigated,[1] whetheratensor(with theappropri-
atealgebraicsymmetries)satisfyingtheBianchi equationsis of necessitytheRiemann

tensorassociatedwith thatmetric ~ Although therearenon-trivial classesof spaces
wheresucha tensoris identical to the Riemanntensor,as weil as otherspecialclasses

wherethetensoris <<closeto>> theRiemanntensor,it isclear,formoregeneralclassesof
spaces,that theBianchiequationsalonearenotsufficientto guaranteea Riemanntensor.

Rendall[2, 3] hasrecentlydiscussedwhether<<curvaturecandidates>>(tensorswith
the appropriatesymmetry properties)which obey the Ricci equationsas well as the

Bianchi equationsareof necessityRiemanntensors.He has found somevery special
exampleswheresuchacurvaturecandidateis nota Riemanntensor—evenof somemet-
ric otherthanthatassociatedwith the covariantderivativeusedin theBianchiandRicci
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equations[2]. In fact,Rendallsuspectedthathiscounterexamplesmight bepathological
ones,andin [3] sketchedthestepsof a proofwhich would give anaffirmative answer
to his questionin the.~generic~casei.e. for anopendensesetof curvaturecandidates
in the Whitney C°°topology; the argumentin his proofdependson the validity of a

certainuprovenalgebraicconditionat apoint.
In thispaperweshalllook at the situationwherethecurvaturecandidatesatisfiesthe

Ricci equations,and weconsiderthequestionwhethera curvaturecandidatesatisfying

the Ricci equationsis theRiemanntensorof the metricassociatedwith the covariant
derivativeusedin theRicci equations.In asubsequentpaperweshallconsiderthe more

generalquestionasto whethersucha curvaturecandidatecanbethe Riemanntensorof
someothermetric.

Considera curvaturecandidateK~satisfying,

(1 \ erG — ri-a\ / ILkd — ‘
tbdc

(ib) =

(1 \ ri-I —
‘. , 9Qj.rs bed —

andsatisfyingtheRicci equations,

2 ~° — —K’ K° + K° K1 + K°K’ + K°K1‘. / bcd;[ef] — bcd tef icd bef bic cef b~c d.ef

wherethe covariantderivative is definedin termsof theLorentz metric 9a6’ which

is usedto raiseand lower indices in the usual way. We wish to investigatewhenthe

curvaturecandidateK~dis equalto theRiemanntensorR°~of themetric ~
Equations(lc) and(2) imposeconstraintsonboth g

0~and K~andsofor arbitrary

K~d(with thesymmetries(1a,b))thereis noguaranteethatthereexistsanon-degenerate
metrictensorg~satisfying(Ic) and(2). Wewill thereforebeconsideringonlythe class

of curvaturecandidatesK~for which thereexistsanon-degeneratemetrictensorg0~,
whichsatisfies(ic) and(2) (if themetrictensorsatisfying(ic) ispermittedto differ from
thatsatisfying(2), thentherewould appearto bea largerclassof curvaturecandidates

K~dtobeconsidered).
In Section2 it is shownthat equations(2), togetherwith theusualdefinitionof the

Riemanntensor,leadto analgebraicconstraint,whichcanbe split intotwo independent

setsof equations.Theseconstraintequationsareuseddirectly in Section3 to show — in
verygeneralcircumstances— that anytensor K~dsatisfyingtheconditions(1) and(2)
is equalto the RiemarintensorR~associatedwith themetric g~in theusualway.
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In Section4 somequestionsanddevelopmentsarisingfrom thisresultareconsidered.

It is shownthat thecounterexamplesgivenby Rendall [2] do notbelongto theclassof
curvaturecandidatesforwhich ourtheoremis valid, andsodo notcontradictour result.
In additionourresultshowsthatRendall’suprovenalgebraicconditiondoesin facthold,
for theclassof curvaturecandidatessatisfying(1) and (2), andso it is confirmedthata
genericcurvaturecandidatesatisfying(I) and(2) is equaltotheRiemanntensorof the

metric 9ab~Finally, theanswerasto whether— for thesetof curvaturecandidatesK~
satisfying(I) and(2) — K~acanbe theRiemanntensorof anyothermetricthan 9ab’

is shownto benegative,inverygeneralcircumstances;buttheclassof spacesforwhich
this uniquenessresultholdswill bedeterminedexplicitly in thesubsequentpaperwhen
thesecondpartof Rendall’squestionis considered.

As notedabove,Rendall [2, 3] consideredtheadditionalconstraintof the Bianchi

equationon

(2\ V0 —

~.1 b(cde]

Howevertheresultprovedhererequiresonly theRicci constraint(2) on K~d.

2. PRELIMINARY CALCULATIONS

All tensors,of course,satisfytheusualRicci equationwhich, in thecaseof K~a, is

IA\ ‘)J~’G — — ~‘ 1~° + 5~O pa ~ pa + ~G pi

‘. / bcd;[ef] — bed tef ted bef bed cef bet def

Subtracting(4) from (3) givesthe algebraicconstraintequation,

n — Jrt pa — j~-u pa — k’~0 pt — ~a p1
‘. / — bed tel ted bef bed cef bet def

where

‘6’ — K° DG~, ) F6cd bcd’’.kd~

The conditionto be proven is that equations(5) imply that P~mustbe identically

zero. As Rendallhaspointedout, [3], the set of equations(5) is a very largeset in a
largenumberof variables;howeverit canbe divided into moremanageablesubsetsby

decomposingboth R°~and K~ (andhenceP
654).

Since K~hasexactlythe samealgebraicSymmetries(1) asthe Riemanntensor

R°~it will be convenient to decomposeit in the sameway as theRiemanntensoris

decomposed,

K0~=K,~+~-(g~Kbe + g~K0~— 9ad’~bc 9bc’~ad)

(7)
0K
+ -

1-~-(9~~9M— g0dg~)
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Equations(5) canbesplit into onesubsetcontainingonly K0,,

(8) 0 K~~ + iii, ‘~cef

andtheothersubsetcontainsonly K~

(9) 0= ~bcd ~sef1~icd Pbef bid “cef~bc Pdef

By decomposingp~ in the sameway, equation(8)canitselfbe subdividedinto apair

of equations,

o=q p~+~ tse + ~-~: ~

(8a) 1 1

+~Pc~3~ecP~j K
t’

0=K~P
1~j+~tb ~cef~ ~hte ~i~’~~fii

(8b)
+ 5i~c(e ‘~:]fL,~‘~c[e~f]b+ ¶b[e~’f]c

Twodifferentsetof constraintsare thereforeimposedindependentlyon — through
(8) and(9)— by differentpartsof K~.To examinethesein detail it will beconvenient

to classify K~and KOb and toconsiderthecanonicalformsof thedifferentclasses.

Since K~hasall thealgebraicsymmetriesof the Riemanntensoras well as being

trace-free,it canbeclassifiedby thePetrovscheme[6,7]. ThePlebanskiclassificationis

basedonthePlebanskitensor— atensorwith all thealgebraicsymmetriesofthetrace-free
Riemanntensor— whichcanbeconstructedfrom anysymmetricsecondordertrace-free
tensor[6]. ThePlebanskitensorandassociatedclassificationschemehavebeenwritten
in N.P.notation[5]andhavealreadyprovedusefulin investigatingalgebraicconstraints

on the Riemanntensor[8]. The Plebanskitensor?C~associatedwith thetrace-free

secondordersymmetrictensorK0,, is definedby

(10) ,~ab = + 6~°1K~.Kblt_ I~[o1 6b1,~Kij~tj

andthe Plebanskitensor ~ associatedwith the tensor F’0,, is defined in the same
way.
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3. SUFFICIENCY

WhentheN.P.versionof thecanonicalforms of thedifferentPetrov typesof K3bed

are substitutedinto (9) it is found for Petrov types I, II, III that F’abed is identically
zero.Howeverfor Petrovtypes D, N therearesomecomponentsof F’abed that arenot

identically zero;in eachof thesecaseswe canclassify thenon-zero P0bed according
to its trace-freepart P0bedand its Plebanskipart ~ usingTable1 in reference[7].

Thisclassificationgives adescriptionof the non-zeroP0~independentof thetetrad
choicewhich wasusedto put P0bed into canonicalform. The resultsare illustratedin

theAppendixand canbesummarisedas follows,
(i) If K0bedisPetrov type I, II or III thenthe tensorrobed is identicallyzero.

(ii) If K0bed is Petrovtype D theneither P0bed is identicallyzero,oratleastone

of P~ and~ is Petrov type D.

(iii) If KObed isPetrov type N theneither PObed is identicallyzero,or is type

N (or O)and ~abcd isPetrovtype 0.

Whenthe N.P. versionsof the canonicalforms of the different Petrov types of the
Plebanskitensor~ [6,8] aresubstitutedinto equations(8a,b)a similarpatternis
found as above. Onceagain,for thoseclasseswhere F’abed is not identically zero,we

canfind its classes.The results,also illustratedin the Appendix,are summarisedas
follows,

(i) If ICabed isPetrov type1, II or III thenthetensorP0bed is identicallyzero.

(ii) If )C,,bed is Petmvtype D theneither F’akd is identicallyzero,orat leastone
of P~ and 1)~ is Petrov type D.

(iii) If ~ is Petrovtype N either P0,,ed is identicallyzero,or ~ is type N
and1)~ is Petrovtype 0.

Wenow combinetheseresults.Sincethecanonicalform fora particularPeirovclass

of K0bed is obtainedby a differenttetradchoicethanthecanonicalform for aparticular

Petrov classof ‘cl~edwe cannotcomparedirectly the non-zerocomponentsof P0bed
obtainedin thetwo situations;but ratherthe invariantclassesof thenon-zeroF’akd can

becompared.In this way it is easyto seefor example,that if K~&dis Petrovtype N

and )C0kd isPetrov type D , then ~abed mustbeidenticallyzero.Thecombinedresults
aregivenbelow.

A curvaturecandidate K~ satisfying(la, b, c) and whichalsosatisfiestheRicci

equation(2) in termsofsomemetric
9abe is the Riemarintensorofthatmetric when

K
0bed (= g01K~)isofoneofthefollowingtypes,

(i) K0bed isofPetrovtypeI, Ilor III.

(ii) lCabed isofPet.rovtypeI, II or III.
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(iii) K~ is ofPetrovtype D and ~obcd isofPetrov type N.

(iv) K0,,edisofPetzvvtype N and ?C0,,Cd is ofPetrovtype D.

Of course— in view of Rendall‘s counterexamples[2] — it wasnot expectedthat

the resultwould apply in all cases.Howeverit is hopedthat the aboveresultmaybe
strengtheneda little.

4. DISCUSSION

Thecounter-examplegivenby Rendall[2] was,

f11\ erG —
... ) — a.t1.bCd

where a is constantandwhereR~ is theRiemanntensorof ametric
9ab of constant

curvaturei.e.

(12) K~d= a~-(6g,,~— ~Pbe)

AlthoughK~dsatisfiestheRicci equationin themetric g,,~foranyconstanta , Rendall
found that this tensorcould not be a Riemanntensor(for any metric) except for the

specialcasewhere a = I . When K~hasthe form (12) it follows immediatelythat,
with respectto themetric g

0~.theWeyl tensorandPlebanskitensorarebothofPetrov

type 0 ; thereforethis is oneof thespecialcasesnot satisfyingany of theconditionsof
thetheoremin thelastsection.

In Rendall’sprooffor thegenericcase— i.e. for anopendensesetof curvaturecandi-

datesin theWhitney C°°topology— themissingstepwassimply to showtheexistence
of onecurvaturecandidateK~ for whichthealgebraiccondition(5) impliesthat ~~‘ed

beidenticallyzero.Our results— forthecasewhere K~dsatisfies(1) and(2) — clearly
fuilfill thatcondition,andsoby Rendall’sargumentsagenericcurvaturecandidateK~d,

satisfying(1) and(2), impliesthat F’~dis identicallyzero,and hencethecurvaturecan-
didate K,,

0ed is equalto theRiemanntensor R°~of themetric ~

Howevertheresultsgivenin thelastsectionalsohavequitespecific applications.A
specialcaseof the resultin Section3 is that if onecould obtain a trace-freecurvature
candidateof Petrov type 1(11 or III) togetherwith a metrictensorthat ensuresthat the
Ricci equation(2) is satisfied,thenthemetricis automaticallya vacuummetric,andthe

curvaturecandidateis automaticallyits Riemanntensor.This suggeststhepossibilityof
finding solutionsof Einstein’svacuumequations— withouthavingto usethemexplicitly.

It is emphasisedagainthat the <<generalcircumstances>>statedexplicitly in theresult
in Section3 maypossiblybe madeevenmoregeneral.Theexclusionof somecasesof
Petrovtypes N and 0 is not reallysurprising— in thesecasestherankof the bivector

spaceof K~edis very low; suchcasesare usuallyexcludedin suchresultsassociated
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with algebraicconstraintsontheRiemanntensor[10]. Howevertheapparentexclusion
of Petrovtype D is a little surprising. This questionis presentlybeing investigated,

togetherwiththepossibilityof whethertheadditionalconstraintof theBianchiequations

— asoriginallysuggestedby Rendall[2,3] — would affectthosecaseswhicharepresently
excluded.

As alreadypointedout, in this paperit wasassumedthat the covariantderivative
occurringin theRicci equation(2) wasdefinedin termsof the samemetric tensorasin

the algebraicsymmetrycondition(Ic). To answerthesecondpartof Rendall’squestion
wewill needto considerthe(presumablylarger) set of curvaturecandidateswherethe
metrictensorin(lc) differs fromthemetrictensorofthecovariantderivativein (2); even

moregenerallythecovariantderivativein (2) could bedefinedin termsof a symmetric
affine connection— which neednot bemetric. Thesemoregeneralconditionswill be
looked atin a subsequentpaper.

Howeverthereis arelatedquestionwhicharisesfrom theresultof thispaper,whether

a curvaturecandidateK~dsatisfying(I) and (2) — in termsof thesamemetric g,,~—

canalso be the Riemanntensor R~dof a differentmetric from ~ Considerable

attentionhasbeengivento the questionof whethertwo differentmetricscanhavethe
sameRiemanntensor and it is now knownthat the RiemanntensorR~ddetermines
its metric tensor ge,,, uniquely (up to a conformalconstant)— for a very largeclassof

space-times,[10]. The classof spacesfor which this uniquenessresultholds is given
in termsof therank of the Riemanntensor,whereasthe classof spacesfor which the

theoreminSection3 holdsis givenin termsof thePetrovclassof theWeyl andPlebanski
tensors.It is obviousthat there is substantialoverlapbetweenthe two classesbut it is
not immediatelyobviouswhetherall of thespacesobeyingour theoremalso obey the

uniquenesstheorem.Thedetailedanswerto this questionwill beconsideredwithin the
widercontextof thesubsequentpaperreferredto above.

Finally, it is knownthattheBianchiequationsaloneimposeconsiderableconstraints
on acurvaturecandidate[1] and it would beexpectedthat onlya smallsetof additional

constraintequationswould be neededto characterisethe Riemanntensor. The Ricci
equationsusedin this paperare in fact a very largeset,and it would seemthat there
shouldbea smallersetwhich would combinewith theBianchiequationsto providethe

sameeffectin a moreefficient andusefulway. Alternativesystemsare presentlyunder
investigation.
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APPENDIX

Weshall illustratehow theseresultsin Section3 wereobtained.
It will beconvenientto extendtheN.P.notation[5] as follows: thefive independent

complextetradcomponentsofthetrace-freeK~ will belabelled ‘I’d , thesix indepen-

dentcomponentsof thetrace-freeK0,, will belabelledby (1)~Jand thescalarK will

belabelledby 24A — following thesamepatternasfor theRiemanntensor.

PetrovtypeI K~

In canonicalform K~ satisfies

(Ala) 4’1=o=’F3

(Aib) ~
1’o=

Multiplying equations(9) by Z
10Z~Z~Z~Z~Z~

1gives

(A2a) 3’i’
2Pi3m0 + ~‘oF’~mn =0

andby ~ gives

(A2b) 3’f’2P24mn + ‘i’4p13,~= 0

whichtogethergive

(A3) P24mn°~lSmn

for all m,n.

Multiplying equation(9) by Z20Z~Z~Z~Z~Z~gives

(A4) ~‘4U’21~n~’34~n) .~

for all m,n.
Equation(A3) togetherwith equation(A4) shows

(AC\ — 00
—

for all a,b,c,d.

PetrovtypeII and III K~

Whentheusualcanonicalforms are chosenfor theseclasses,it is easily shownby
theabovetechniquethatthecurvaturecandidateK~ isidenticaltotheRiemanntensor

R~for suchclasses.
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PetrovtypeI, IL, III )C~

Equation(8) which imposesconstraintson thetensorP~by thesymmetricsecond
ordertrace-freetensorK0,,

(A6) 0= ~ P,~+ K1,, P~~f

hasexactlythe sameform asequation

1A7\ 01 Dl —

V”) X~I4ef X~1,IL,~f—

consideredin [8]. Therethe constraintsimposedon R~by the symmetric second
ordertensor wereconsideredfor the variousclassesof the PlebanskitensorV1

(thePlebanskitensorformedfrom the trace-freepartof x0~asin equation(10)). The
resultsin Table1, [8] canbe immediatelyappliedto equation(A6). It thereforefollows
from thetablethat if ?C~dis of PetrovtypeI, II or III then P,~is identically zeroand

so K~ is identicalto theRiemanntensor R~.

Petrovtype N K~andPetrovtype D 1C~

Whenthecanonicalform for K~ type N,

(A8)

issubstitutedinto equation(5) it is foundthat

(A9) ~13mn = 0 = P12m0+ ~

forall m, n. Thismeansthat F’~dis notnecessarilyidentically zero;thecomponents

P24~and P~24maybenon-zeroi.e. P~ maybe Petrovtype N (or 0) and ~
maybePetrov type 0.

Turning next to K°&d of Petrov type D and substitutingthe canonicalforms into

equation(8) gives the resultfrom Table1, [8] that at leastoneof F’~d, V~ mustbe

Petrovtype D (theothertype D or 0) - or else F’I~d is identicallyzero.
Whentheseresultsare takentogetherit follows that P~mustbe identically zero

and so K~ is identicalto theRiemanntensorR~d.

Othercases

Usingtheabovetechniquestheremainingresultsin Section3 canbeobtained.
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